Abstract. Genus two curves covering elliptic curves have been the object of study of many articles. For a fixed degree n the subloci of the moduli space M 2 of curves having a degree n elliptic subcover has been computed for n = 3, 5 and discussed in detail for n odd; see [17, 22, 3, 4] . When the degree of the cover is even the case in general has been treated in [16] . In this paper we compute the sublocus of M 2 of curves having a degree 4 elliptic subcover.
Introduction
Let ψ : C → E be a degree n covering of an elliptic curve E by a genus two curve C. Let π C : C −→ P 1 and π E : E −→ P 1 be the natural degree 2 projections. There is φ : P 1 −→ P 1 such that the diagram commutes.
(1)
The ramification of induced coverings φ : P 1 −→ P 1 can be determined in detail; see [16] for details. Let σ denote the fixed ramification of φ : P 1 −→ P 1 . The Hurwitz space of such covers is denoted by H(σ). For each covering φ : P 1 −→ P 1 (up to equivalence) there is a unique genus two curve C (up to isomorphism). Hence, we We denote by L n (σ) the image of H(σ) under this map. The main goal of this paper is to study L 4 (σ).
Preliminaries
Most of the material of this section can be found in [23] . Let C and E be curves of genus 2 and 1, respectively. Both are smooth, projective curves defined over k, char(k) = 0. Let ψ : C −→ E be a covering of degree n. From the RiemannHurwitz formula, P ∈C (e ψ (P ) − 1) = 2 where e ψ (P ) is the ramification index of points P ∈ C, under ψ. Thus, we have two points of ramification index 2 or one point of ramification index 3. The two points of ramification index 2 can be in the same fiber or in different fibers. Therefore, we have the following cases of the covering ψ:
Case I: There are P 1 , P 2 ∈ C, such that e ψ (P 1 ) = e ψ (P 2 ) = 2, ψ(P 1 ) = ψ(P 2 ), and ∀P ∈ C \ {P 1 , P 2 }, e ψ (P ) = 1.
Case II: There are P 1 , P 2 ∈ C, such that e ψ (P 1 ) = e ψ (P 2 ) = 2, ψ(P 1 ) = ψ(P 2 ), and ∀P ∈ C \ {P 1 , P 2 }, e ψ (P ) = 1.
Case III: There is P 1 ∈ C such that e ψ (P 1 ) = 3, and ∀P ∈ C \ {P 1 }, e ψ (P ) = 1.
In case I (resp. II, III) the cover ψ has 2 (resp. 1) branch points in E. Denote the hyperelliptic involution of C by w. We choose O in E such that w restricted toE is the hyperelliptic involution on E. We denote the restriction of w on E by v, v(P ) = −P . Thus, ψ • w = v • ψ. E [2] denotes the group of 2-torsion points of the elliptic curve E, which are the points fixed by v. The proof of the following two lemmas is straightforward and will be omitted.
. b) For all P ∈ C, e ψ (P ) = e ψ (w(P )).
Let W be the set of points in C fixed by w. Every curve of genus 2 is given, up to isomorphism, by a binary sextic, so there are 6 points fixed by the hyperelliptic involution w, namely the Weierstrass points of C. The following lemma determines the distribution of the Weierstrass points in fibers of 2-torsion points.
Lemma 2. The following hold:
(
Let π C : C −→ P 1 and π E : E −→ P 1 be the natural degree 2 projections. The hyperelliptic involution permutes the points in the fibers of π C and π E . The ramified points of π C , π E are respectively points in W and E [2] and their ramification index is 2. There is φ : P 1 −→ P 1 such that the diagram commutes.
(3)
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Next, we will determine the ramification of induced coverings φ : P 1 −→ P 1 . First we fix some notation. For a given branch point we will denote the ramification of points in its fiber as follows. Any point P of ramification index m is denoted by (m). If there are k such points then we write (m) k . We omit writing symbols for unramified points, in other words (1) k will not be written. Ramification data between two branch points will be separated by commas. We denote by π E (E[2]) = {q 1 , . . . , q 4 } and π C (W ) = {w 1 , . . . , w 6 }.
Let us assume now that deg(ψ) = n is an even number. Then the generic case for ψ : C −→ E induce the following three cases for φ :
For details see [16] .
Degree 4 case
In this section we focus on the case deg(φ) = 4. The goal is to determine all ramifications σ and explicitly compute L 4 (σ).
There is one generic case and one degenerate case in which the ramification of deg(φ) = 4 applies, as given by the above possible ramification structures: 4.1. Non-degenerate case. Let ψ : C −→ E be a covering of degree 4, where C is a genus 2 curve and E is an elliptic curve. Let φ be the Frey-Kani covering with deg(φ) = 4 such that φ(1) = 0, φ(∞) = ∞, φ(p) = ∞ and the roots of f (x) = x 2 + ax + b be in the fiber of 0. In the following figure, bullets (resp., circles) represent places of ramification index 2 (resp., 1).
Figure 1. Degree 4 covering for generic case
Then the cover can be given by
Let λ be a 2-torsion point of E. To find λ, we solve
According to this ramification we should have 3 solutions for λ, say λ 1 , λ 2 , λ 3 . The discriminant of the Eq. (4) gives branch points for the points with ramification index 2. So we have the following relation for λ, with p = 1.
Using Eq. (4) and Eq. (5) we find the degree 12 equation with 2 factors. One of them with degree 6 corresponds to the equation of genus 2 curve and the other corresponds to the double roots in the fiber of λ 1 , λ 2 and λ 3 .
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The equation of genus 2 curve can be written as follows:
where
Notice that we write the equation of genus 2 curve in terms of only 2 unknowns. We denote the Igusa invariants of C by J 2 , J 4 , J 6 , and J 10 . The absolute invariants of C are given in terms of these classical invariants:
Two genus 2 curves with J 2 = 0 are isomorphic if and only if they have the same absolute invariants. Notice that these invariants of our genus 2 curve are polynomials in p and b. By using a computational symbolic package (as Maple) we eliminate p and b to determine the equation for the non-degenerate locus L 4 . The result is very long. We don't display it here.
Degenerate Case
Notice that only one degenerate case can occur when n = 4 : (2, 2, 2, 4). In this case one of the Weierstrass points has ramification index 3, so the cover is totally ramified at this point.
Let the branch points be 0, 1, λ, and ∞, where ∞ corresponds to the element of index 4. Then, above the fibers of 0, 1, λ lie two Weierstrass points. The two Weierstrass points above 0 can be written as the roots of a quadratic polynomial x 2 + ax + b; above 1, they are the roots of x 2 + px + q; and above λ, they are the roots of x 2 + sx + t. This gives us an equation for the genus 2 curve C:
The four branch points of the cover φ are the 2-torsion points E[2] of the elliptic curve E, allowing us to write the elliptic subcover as
The cover φ : P 1 → P 1 is Frey-Kani covering and is given by
Using φ(1) = 1, we get c = 1 1+a+b . Then,
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This implies that φ ′ (1) = 0, so we get c(4 + 3a + 2b) = 0. Since c cannot be 0, we must have 4 + 3a + 2b = 0, which implies a = −2(b+2) 3
.
2 (x 2 + px + q) = 0, we want all of the coefficients of this polynomial to be identically 0; thus
Finally, we consider the fiber above λ. We write
Similar to above, we set the coefficients of the polynomial to 0 to get:
Hence we have C and E with equations:
where the corresponding discriminants of the right sides must be non-zero. Hence,
From here on, we consider the additional restriction on b that it does not solve J 2 = 0, that is,
The case when J 2 = 0 is considered separately. We can eliminate b from this system of equations by taking the numerators of i j − i j (b) and setting them equal to 0, where i j are absolute invariants of genus 2 curve. Thus, we have 3 polynomials in b, i 1 , i 2 , i 3 . We eliminate b using the method of resultants and get the following: When J 2 = 0, we must resort to the a-invariants of the genus 2 curve. These invariants are defined as
Two genus 2 curves with J 2 = 0 are isomorphic iff their a-invariants are equal. For our genus 2 curve,
It can be guarantee that J 4 and J 2 are not simultaneously 0 because the resultant of these two polynomials in b is 11784978051522395707646672896000000000000 42391158275216203514294433201 , so there are no more subcases. We want to eliminate b from the set of equations:
Similar to what we did above with the i-invariants, we take resultants of combinations of these and set them equal to 0. Doing so tells us 5.1. Genus 2 curves with degree 4 elliptic subcovers and extra automorphisms in the degenerate locus of L 4 . In any characteristic different from 2, the automorphism group Aut(C) is isomorphic to one of the groups :
See [21] for the description of each group. We have the following lemma. We will refer to the locus of genus 2 curves C with Aut(C) ≡ D 12 (resp., Aut(C) ≡ D 8 ) as the D 12 -locus (resp., D 8 -locus).
Equations (10), (11), and (13) determine a system of 3 equations in the 3 iinvariants. The set of possible solutions to this system contains 20 rational points and 8 irrational or complex points (there may be more possible solutions, but finding them involves the difficult task of solving a degree 15 or higher polynomial). Proof. From above discussion there is exactly one rational point which lies on the D 12 -locus and three rational points which lies on the V 4 -locus. Furthermore we have the fact that Aut(C) ≡ D 12 if and only if C is isomorphic to the curve given by Y 2 = X 6 + X 3 + t for some t ∈ k; see [19] for more details. Suppose the equation of the D 12 case is Y 2 = X 6 + X 3 + t. We want to find t. We can calculate the i-invariants in terms of t accordingly, so we get a system of equations, i j − i j (t) = 0 for j ∈ {1, 2, 3}. Those equations simplify to the following:
Replacing our i-invariants into the above system of equations we get: 0 = 86670000 t 2 − 23781600 t + 102789 0 = −4023934200000 t 3 + 1245222396000 t 2 − 43137816840 t + 73594737 0 = −82315363050000000 t 5 + 61770534511500000 t 4 − 15443994116835000 t 3 + 1287019350200250 t 2 + 106288200 t − 531441.
There is only root those three polynomials share: t = 27 100 . Thus, there is exactly one genus 2 curve C defined over Q (up to Q-isomorphism) with a degree 4 elliptic subcover which has an automorphism group D 12
Similarly, we show that there are no such curves with automorphism group D 8 . 
